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CONCURRENCE FOR INFINITE-DIMENSIONAL QUANTUM SYSTEMS
YU GUO, JINCHUAN HOU, AND YUNCAI WANG
Abstract. Concurrence is an important entanglement measure for states in finite-dimensional
quantum systems that was explored intensively in the last decade. In this paper, we extend
the concept of concurrence to infinite-dimensional bipartite systems and show that it is con-
tinuous and does not increase under local operation and classical communication (LOCC).
Moreover, based on the partial Hermitian conjugate (PHC) criterion proposed in [Chin. Phys.
Lett. 26, 060305(2009); Chin. Sci. Bull. 56(9), 840–846(2011)], we introduce a concept of
the PHC measure and show that it coincides with the concurrence, which provides another
perspective on the concurrence.
1. Introduction
Entanglement, being viewed as one of the key features of quantum world that has no clas-
sical counterpart, is perhaps the most challenging subject of modern quantum theory. There
are two distinct directions for characterizing entanglement. One is to find proper criteria of
detecting entanglement, and the other is to find a “good” entanglement measure, namely,
to define the best measure quantifying an amount of entanglement of a given state. Among
a number of entanglement measures, concurrence is a subject of intense research interest
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18], which has been shown to play a key
role in analyzing the ultrabright source of entangled photon pairs [19], describing quantum
phase transitions in various interacting quantum many-body systems [20], affecting macro-
scopic properties of solids significantly [21], exploring dynamics of entanglement for noisy
qubits that make diploe-diploe interaction [22] and revealing distinct scaling behavior for
different types of multipartite entanglement [23], etc.
Concurrence is originally derived from the entanglement of formation (EOF) which is used
to compute the amount of entanglement for pure states in two-qubit systems [1]. Because of
the EOF is a monotonically increasing function of the concurrence, thus the concurrence itself
can also be regarded as an entanglement measure. Afterward, the concept of concurrence was
extended to two-qubit mixed states by means of convex roof construction [2], and then, to
arbitrary but finite-dimensional bipartite as well as multipartite systems for both pure and
mixed states [5, 7].
The continuous-variable systems can also be used for quantum information processing and
quantum computing [24]. Most analysis of entanglement in continuous-variable systems relies
on expressing the states of the system in terms of some discrete but infinite basis. Then, the
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following problems arisen naturally: Can the concept of concurrence be extended to infinite-
dimensional case? Is it also a “well-defined” entanglement measure? In the present paper, we
answer these questions affirmatively.
In [25], the partial Hermitian conjugate (PHC) criterion for pure states in finite-dimensional
systems was proposed and then generalized in [26] to infinite-dimensional case. The (PHC)
criterion says that: A bipartite pure state is separable if and only if it is PHC invariant (see
below). The authors of [26, 25] also pointed out that one may obtain an entanglement measure
from (PHC) criterion since, for any entangled pure state, the PHC of it is not equal to itself,
and thus the trace norm or the Hilbert-Schmidt norm of the difference between them may be
an entanglement measure of the given state. Interestingly, as what we will show, underlying
the Hilbert-Schmidt norm, the induced entanglement measure, PHC measure, coincides with
concurrence. This result makes contribution to the more profound understanding of the
concurrence.
In this paper, we consider the bipartite system consisting of two parties A and B which
are associated with the state spaces HA and HB, respectively, with dimHA ⊗ HB ≤ +∞.
We denote by ρA and ρB the reduced density operators of ρ with respect to the subsystems
A and B, respectively, i.e., ρA = TrB(ρ) and ρB = TrA(ρ). A bipartite state ρ acting on
H = HA ⊗HB is called separable if it can be written as
ρ =
∑
i
piρ
A
i ⊗ ρBi ,
∑
i
pi = 1, pi ≥ 0(1)
or it is a limit of the states of the above form under the trace norm topology [33], where
ρAi and ρ
B
i are pure states on the subsystems associated to the Hilbert spaces HA and HB,
respectively. A state that is not separable is said to be entangled. Particularly, if a state
can be represented in the form as in Eq.(1), it is called countably separable [34]. It is worth
mentioning that, with increasing state space dimension, quantifying entanglement becomes
more and more difficult to implement in practice.
The structure of this paper is as follows. In Sec.II we extend the concept of the concurrence
to infinite-dimensional bipartite systems and show that it is a continuous function under the
trace-class norm topology. This result is new even for finite-dimensional case, and enables us to
prove that the concurrence is also a well-defined monotonic entanglement measure for infinite-
dimensional case. Going further, another entanglement measure which is closely related to
concurrence, tangle, is investigated. The PHC measure is introduced and discussed in Sec.III.
A brief conclusion is given in the last section.
2. Concurrence for infinite-dimensional bipartite states
We start by reviewing some results from finite-dimensional cases. For the bipartite pure
state |ψ〉 ∈ HA ⊗HB with dimHA ⊗HB < +∞, the concurrence C(|ψ〉) of |ψ〉 is defined in
[7] by
C(|ψ〉) =
√
2[1− Tr(ρ2A)],(2)
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where ρA = TrB(|ψ〉〈ψ|). Equivalently,
C(|ψ〉) =
√∑
i,j,k,l
|aikajl − ailajk|2
provided that |ψ〉 = ∑
i,j
aij |i〉|j′〉, where {|i〉} and {|j′〉} are given orthonormal bases of HA
and HB, respectively. The concurrence is extended to mixed states by means of convex roof
construction [27],
C(ρ) = min
{pi,|ψi〉}
{
∑
i
piC(|ψi〉)},(3)
where the minimum is taken over all possible ensembles of ρ (here, {pi, |ψi〉} is called an
ensemble of ρ whenever ρ =
∑
i
pi|ψi〉〈ψi| with {pi} a probability distribution and {|ψi〉} a
family of pure states).
The tangle is another measure closely related to the concurrence. The tangle τ(|ψ〉) for
pure state |ψ〉 is defined by τ(|ψ〉) = C2(|ψ〉), and the tangle for mixed state ρ is defined by
τ(ρ) = min
{pi,|ψi〉}
{
∑
i
piC
2(|ψi〉)}(4)
(Ref. [28]). Note that, although the tangle and the concurrence are equivalent to each other
as entanglement measures for pure states, they are different for mixed states. In fact, it holds
that τ(ρ) ≥ C2(ρ) and the equality holds in the case of two-qubit states [29]. It is evident
that ρ is separable if and only if C(ρ) = τ(ρ) = 0.
With the same spirit in mind, we extend the concepts of concurrence and tangle to infinite-
dimensional bipartite systems.
Definition 1. Let |ψ〉 ∈ HA ⊗HB with dimHA ⊗HB = +∞ be a pure state.
C(|ψ〉) :=
√
2(1 − Tr(ρ2A)),(5)
is called the concurrence of |ψ〉, where ρA = TrB(|ψ〉〈ψ|).
Since the eigenvalues of ρA coincide with that of ρB = TrA(|ψ〉〈ψ|), with no loss of general-
ity, we always use the reduced density operators with respect to the subsystem A. It is clear
that C(|ψ〉) = 0 if and only if |ψ〉 is separable.
For a mixed state ρ, the concurrence of ρ can be defined by means of the generalized convex
roof construction, namely,
C(ρ) := inf
{pi,|ψi〉}
{
∑
i
piC(|ψi〉)},(6)
where the infimum is taken over all possible ensembles {pi, |ψi〉} of ρ.
The following proposition provides two computational formulas of the concurrence for pure
states.
Proposition 1 Let |ψ〉 ∈ HA ⊗HB with dimHA ⊗HB = +∞ be a pure state.
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(1) If the Fourier expansion of |ψ〉 with respect to some given product basis {|i〉|j′〉} of
HA ⊗HB is |ψ〉 =
∑
i,j
aij|i〉|j′〉, then
C(|ψ〉) =
√∑
i,j,k,l
|aikajl − ailajk|2.(7)
(2) If the Schmidt decomposition of |ψ〉 is |ψ〉 = ∑
k
λk|k〉|k′〉, then
C(|ψ〉) =
√
2
∑
k 6=l
λ2kλ
2
l .(8)
Proof (1) Consider the operator D = D|ψ〉 = (aij) : HB → HA defined by D|j′〉 =
∑
i aij |i〉.
Since Tr(DD†) =
∑
i,j
|aij |2 = 1, D is a Hilbert-Schmidt operator. With ρ = |ψ〉〈ψ|, it is easily
checked that ρA = DD
†. As Tr((DD†)2) =
∑
i,j,k,l
aika¯ilajla¯jk, we have
1− Tr(ρ2A) = (
∑
i,j
aij a¯ij)
2 −
∑
i,j,k,l
aika¯ilajla¯jk
=
∑
i,j,k,l
(aika¯ikajla¯jl − aika¯ilajla¯jk)
=
1
2
∑
i,j,k,l
(aikajl − ailajk)(a¯ik a¯jl − a¯ila¯jk)
=
1
2
∑
i,j,k,l
|aikajl − ailajk|2.
Hence C(|ψ〉) =
√
2(1 − Tr(ρ2A)) =
√ ∑
i,j,k,l
|aikajl − ailajk|2, as desired.
(2) can be checked similarly and we omit its proof here. 
It is known that the concurrence is an entanglement measure for finite dimensional systems
since it meets the following conditions:
(i) E(ρ) = 0 if and only if ρ is separable;
(ii) E(ρ) = E(UA ⊗UBρU †A ⊗U †B) holds for any local unitary operators UA and UB on the
subsystems HA and HB, respectively;
(iii) E is LOCC monotonic, i.e., E(Λ(ρ)) ≤ E(ρ) holds for any local operation and classical
communication (LOCC) Λ [6].
The conditions (i)-(iii) above are necessary for any entanglement measure E [30]. Generally,
an entanglement measure E also satisfies
(iv) E(
∑
i
piρi) ≤
∑
i
piE(ρi) for mixed state ρ =
∑
i
piρi, where pi ≥ 0,
∑
i
pi = 1 (see in
[31]).
If (iii)-(iv) are satisfied by an entanglement measure E, then it is called an entanglement
monotone [32].
In what follows we show that the concurrence C defined in Eq.(4)-(5) for infinite-dimensional
systems is also an entanglement monotone, i.e., (i)-(iv) are satisfied by C for infinite-dimensional
case as well.
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Checking C meets Condition (ii) is straightforward.
The condition (i) is obviously satisfied by the concurrence for finite-dimensional case. This
is because that, every separable state ρ in a finite-dimensional bipartite system is countably
separable, that is, there exists an ensemble {pi, |ψi〉} of ρ such that |ψi〉s are separable pure
states and thus we get immediately that 0 ≤ C(ρ) ≤ ∑i piC(|ψi〉) = 0 as C(|ψi〉) = 0.
However, the fact that ρ is separable implies C(ρ) = 0 is not obvious anymore for infinite-
dimensional case since there do exist some separable states in infinite-dimensional systems that
are not countably separable [34]. For such separable states that are not countably separable,
there doesn’t exist any ensemble {pi, |ψi〉} of ρ such that |ψi〉s are separable and one can
not get C(ρ) = 0 directly. It is clear that, if C is continuous, then C(ρ) = 0 whenever ρ is
separable because it is a limit of countably separable states.
The continuity of the concurrence C is established in Proposition 2, which is not obvious
even for finite-dimensional systems.
Proposition 2 The concurrence is continuous for both finite- and infinite-dimensional sys-
tems, i.e.,
lim
n→∞
C(ρn) = C(ρ) whenever lim
n→∞
ρn = ρ(9)
in the trace-norm topology.
Proof To prove the continuity of C, let us extend the concurrence of states to that of self-
adjoint trace-class operators.
Let A be a self-adjoint trace-class operators acting on HA⊗HB. We define the concurrence
of A by
C(A) = Tr(|A|)C( |A|
Tr(|A|) ),
where |A| = (A†A) 12 . It is clear that
C(A) = inf
{λi,|ψi〉}
∑
i
λiC(|ψi〉),
where the infimum is taken over all {λi, |ψi〉} with λi ≥ 0,
∑
i λi = Tr(|A|) and |A| =∑
i λi|ψi〉〈ψi|. It is an immediate consequence of the definition that, if 0 ≤ |A| ≤ |B|, then
C(A) ≤ C(B).
Assume that ρn, ρ ∈ S(HA ⊗HB) and limn→∞ ρn = ρ. Let ϑn = ρ− ρn and let
ϑn =
∑
k(n)
λk(n)|ηk(n)〉〈ηk(n)|
be its spectral decomposition.
We claim that
C(ρ) = C(ρn + ϑn) ≤ C(ρn) + C(ϑn).(10)
For any ε > 0, there exist ensembles {pk(n), |ψk(n)〉} and {ql(n), |φl(n)〉} of ρn and |ϑn|,
respectively, and 0 < ǫ1, ǫ2 < ε, such that
C(ρn) =
∑
k(n)
pk(n)C(|ψk(n)〉)−
ǫ1
2
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and
C(|ϑn|) =
∑
l(n)
ql(n)C(|φl(n)〉)−
ǫ2
2
.
We compute
C(ρn + ϑn) ≤ C(ρn + |ϑn|)
≤
∑
k(n)
pk(n)C(|ψk(n)〉) +
∑
l(n)
ql(n)C(|φl(n)〉)
= C(ρn) + C(ϑn) +
ǫ1 + ǫ2
2
.
Since ε is arbitrarily given, the claim is proved.
Similarly, using C(ρn) = C(ρ− ϑn) ≤ C(ρ+ |ϑn|), we obtain
C(ρn) ≤ C(ρ) + C(|ϑ|n),
which, together with Eq.(10), implies that
|C(ρn)− C(ρ)| ≤ C(|ϑ|n).
Observing that C(ϑn)→ 0 (n→∞) since C(ϑn) ≤
∑
k(n)
√
2|λk(n)| and Tr(|ϑn|) =
∑
k(n) |λk(n)| →
0, we get limn→∞C(ρn) = C(ρ), as desired. 
We now begin to check that C satisfies properties (iii)-(iv). For finite-dimensional case,
Vidal [32] proposed a nice recipe for determining entanglement monotones by proving that
the convex roof extension of a pure sate measure E satisfying the two conditions below is an
entanglement monotone (Ref. [32, Theorem 2]):
(a) For a pure state |ψ〉, ρA = TrB(|ψ〉〈ψ|), define a function f by f(ρA) = E(|ψ〉), then
f(UρAU
†) = f(ρA);
and
(b) f is concave, namely,
f(λρ1 + (1− λ)ρ2) ≥ λf(ρ1) + (1− λ)f(ρ2)
for any density matrices ρ1, ρ2, and any 0 ≤ λ ≤ 1.
For infinite-dimensional bipartite systems, every LOCC admits a form of
Λ(ρ) =
N∑
i=1
(Ai ⊗Bi)ρ(A†i ⊗B†i )(11)
with
N∑
i=1
A
†
iAi⊗B†iBi ≤ IA ⊗ IB , where N may be +∞ and the series converges in the strong
operator topology [35]. Let S(HA⊗HB) be the set of all quantum states acting on HA⊗HB.
According to the entanglement monotone scenario discussed in [32], in order to prove that
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a function E : S(HA ⊗ HB) → R+ satisfying (i)-(ii) is LOCC monotonic, we only need to
consider the sequence of LOCC {ΛB,k} or {ΛA,l}, of the form
ΛB,k(ρ) =
∑
i(k)
(IA ⊗Bi(k))ρ(IA ⊗B†i(k))(12)
or
ΛA,l(ρ) =
∑
j(l)
(Aj(l) ⊗ IB)ρ(A†j(l) ⊗ IB),(13)
where
∑
i(k)B
†
i(k)Bi(k) ≤ IB and
∑
j(l)A
†
j(l)Aj(l) ≤ IA (here, the series converges in the strong
operator topology) with
∑
k
Tr(ΛB,k(ρ)) =
∑
l
Tr(ΛA,l(ρ)) = 1, Bi(k)s (resp. Aj(l)s) are oper-
ators from HB (resp. HA) into HB′ (resp. HA′) for some Hilbert space HB′ (resp. HA′),
and where k (resp. l) labels different outcomes if at some stage of local manipulations part
B (resp. A) performs a measurement. With no loss of generality, hereafter we consider the
LOCC {ΛB,k} as in Eq.(12). Applying ΛB,k to ρ, the state becomes
ρ′k =
ΛB,k(ρ)
pk
with probability pk = Tr(ΛB,k(ρ)). Therefore, the final state is ρ
′ =
∑
k pkρ
′
k. By [32], if
E(ρ′) ≤ E(ρ) holds for ΛB,k, then the condition (iii) holds for E. We show below that, for
infinite-dimensional case, if E is continuous on quantum states under the trace norm topology,
then (a)-(b) are sufficient conditions for E to be an entanglement monotone as well.
Proposition 3 Let E be an entanglement measure for pure states in infinite-dimensional
systems and define E(ρ) := inf
{pi,|ψi〉}
{∑
i
piE(|ψi〉)} for mixed state ρ. Let f(ρA) = E(|ψ〉〈ψ|),
ρA = TrB(|ψ〉〈ψ|). Assume that E is continuous and f satisfying (a)-(b). Then E is an
entanglement monotone, i.e., E satisfying (iii)-(iv).
Proof We assume that f satisfy conditions (a) and (b), namely (a) f(UρAU
†) = f(ρA) for
any unitary operators on HA and (b) f is concave.
By (a), we know that E(ρ) is invariant under local unitary operations, i.e., E(UA⊗UBρU †A⊗
U
†
B) = E(ρ) for any unitary operators UA and UB acting on HA and HB respectively (notice
that condition (iii) implies that E(ρ) is invariant under local unitary operations).
In what follows, we show that (iii) holds for E and LOCC {ΛB,k}, from which, according
to the entanglement monotone scenario proposed in [32], we can thus obtain that (iii) holds
for E and any LOCC Λ.
We assume first that ρ is a pure state, ρ = |ψ〉〈ψ|. If part B performs ΛB,k on subsystem B
as in Eq.(11), then the state becomes ρ′k =
ΛB,k(ρ)
pk
with probability pk = Tr(ΛB,k(ρ)). Writing
ρ′A,k = TrB(ρk), we obtain ρA =
∑
k pkρ
′
A,k. For any ensemble {rkl, |ψkl〉} of ρ′k, we have
E(ρ′k) ≤
∑
l
rklE(|ψkl〉).
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It yields
E(ρ) = f(ρA) = f(
∑
k
pkρ
′
A,k)
= f(
∑
k,l
pkrklρ
′
A,kl) ≥
∑
k,l
pkrklf(ρ
′
A,kl)
=
∑
k,l
pkrklE(|ψkl〉) ≥
∑
k
pkE(ρ
′
k),
where ρ′A,kl = TrB(|ψkl〉〈ψkl|), the first inequality holds since f is concave and continuous.
Therefore, (iii) is satisfied by E if ρ is pure.
Assume that ρ is mixed. Performing ΛB,k on ρ and denote ρ
′
k =
ΛB,k(ρ)
pk
with probability
pk = Tr(ΛB,k(ρ)). Observe that, for any ε > 0, there exists an ensemble {tj , |ηj〉} of ρ, and
0 < ǫ1 < ε such that
E(ρ) =
∑
j
tjE(|ηj〉)− ǫ1
2
.
For each j, let
ρ′jk =
1
tjk
ΛB,k(|ηj〉〈ηj |),
where tjk = Tr(ΛB,k(|ηj〉〈ηj |)). Then
ρ′k =
1
pk
∑
j
tjtjkρ
′
jk
and
E(|ηj〉) ≥
∑
k
tjkE(ρ
′
jk)
by what proved for pure states above. For each pair (j, k), suppose that {tjkl, |ψjkl〉} is an
ensemble of ρ′jk such that
E(ρ′jk) =
∑
l
tjklE(|ψjkl〉)−
ǫjk
2
, 0 < ǫjk <
ε
2k
.
We achieve that
E(ρ) =
∑
j
tjE(|ηj〉)− ǫ1
2
≥
∑
j,k
tjtjkE(ρ
′
jk)−
ǫ1
2
=
∑
j,k,l
tjtjktjklE(|ψjkl〉)− ǫ′
≥
∑
k
pkE(ρ
′
k)− ǫ′
for some ǫ′ < ε. Since ε is arbitrarily given, we see that (iii) is satisfied for mixed states as
well.
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Now we show that (iv) is valid. Let ρ =
∑
k pkρk. For any given ε > 0, there exists an
ensemble of ρk, {qkl, |φkl〉}, and 0 < ǫ < ε such that
E(ρk) ≥
∑
l
qklE(|φkl〉)− ǫ
2k
.
As {pkqkl, |φkl〉}k,l is an ensemble of ρ, this entails that
E(ρ) ≤
∑
k
pk
∑
l
qklE(|φkl〉) ≤
∑
k
pkE(ρk) + ε,
from which we see that E(ρ) ≤∑k pkE(ρk), finishing the proof. 
Based on Proposition 3, we show below that the concurrence for infinite-dimensional sys-
tems defined in Eqs.(4)-(5) satisfies conditions (i)-(iv) and thus it is a well-defined entangle-
ment measure (monotone).
Theorem 1 The concurrence defined in Eqs.(4)-(5) is an entanglement monotone.
Proof By Proposition 2 and Proposition 3, we only need to verify that the function f defined
by f(ρA) = C(|ψ〉) with ρA = TrB(|ψ〉〈ψ|) satisfies (a) and (b). Note that, for any ρ ∈ S(HA),
we have f(ρ) =
√
2(1− Tr(ρ2)). Thus (a) is obvious. We check that f is concave. For any
given states ρ1 and ρ2 on HA, let
ρ = λρ1 + (1− λ)ρ2, 0 ≤ λ ≤ 1.
Then
f(λρ1 + (1− λ)ρ2) ≥ λf(ρ1) + (1− λ)f(ρ2)
if and only if
Tr(ρ21) + Tr(ρ
2
2) ≥ 2Tr(ρ1ρ2).
But the last inequality is always valid. Thus, f is concave. 
With the same spirit as that for finite-dimensional case, we define the tangle of a pure state
in the case of infinite-dimensional systems by
τ(|ψ〉) = C2(|ψ〉).(14)
If |ψ〉 = ∑
k
λk|k〉|k′〉 is the Schmidt decomposition of |ψ〉 [26], then
τ(|ψ〉) = 2(1 − Tr(ρ2A)) = 2
∑
k 6=l
λ2kλ
2
l .(15)
The tangle of a mixed state ρ, τ(ρ) can be naturally defined by
τ(ρ) := inf
{pi,|ψi〉}
{
∑
i
piC
2(|ψi〉)},(16)
where the infimum is taken over all possible ensembles {pi, |ψi〉} of ρ. By Proposition 2 and
Theorem 1, τ is continuous and satisfies the conditions (i)-(iv) as well. Therefore, τ is an
good entanglement measure, too.
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For mixed state ρ, C(ρ) 6=
√
2[1 − Tr(ρ2A)] in general. For the finite-dimensional case, it is
showed in [9, 36] that C2(ρ) ≤ 2[1− Tr(ρ2A)]. In fact, we have the following result.
Proposition 4 Let ρ ∈ S(HA ⊗HB) with dimHA ⊗HB ≤ ∞. Then
C2(ρ) ≤ τ(ρ) ≤ 2[1 − Tr(ρ2A)].(17)
Proof For any ǫ > 0, there exists {pi, |ψi〉} such that ρ =
∑
i
pi|ψi〉〈ψi| and
τ(ρ) ≥
∑
i
piC
2(|ψi〉)− ǫ.
Then we have
C2(ρ) ≤ (
∑
i
piC(|ψi〉))2
= (
∑
i
√
pi
√
piC(|ψi〉))2
≤ (
∑
i
pi)(
∑
i
piC
2(|ψi〉))
≤ τ(ρ) + ǫ,
which establishes the inequality C2(ρ) ≤ τ(ρ) since ε > 0 is arbitrary.
Let ρi,A = TrB(|ψi〉〈ψi|). One has
τ(ρ) ≤
∑
i
piC
2(|ψi〉)
=
∑
i
pi[2(1 − Tr(ρ2i,A))]
= 2(1−
∑
i
piTr(ρ
2
i,A))
≤ 2(1− Tr(ρ2A))
due to the convex property of Tr(ρ2A) [9]. 
3. PHC measure: viewing concurrence from another perspective
In this section, we will establish another entanglement measure–PHC measure which is
based on the PHC criterion [25, 26] and show that it coincides with concurrence. Therefore,
it provides us an alternative perspective of understanding the concurrence.
It is known that entanglement measures may be induced from some entanglement criteria.
For example, negativity and convex-roof extended negativity are two kinds of entanglement
measures induced from the elegant PPT criterion [37, 38]. In [26, 25], a necessary and suffi-
cient condition of separability for pure states is proposed. We review some notations firstly.
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Definition 2([25, 26]). Let ρ = |ψ〉〈ψ| be a pure state acting onHA⊗HB with dimHA⊗HB ≤
+∞ and
|ψ〉 =
∑
k
λk|k〉|k′〉
be the Schmidt decomposition of |ψ〉. Then
ρ =
∑
k,l
λkλl|k〉|k′〉〈l|〈l′|
and the partial Hermitian conjugate of ρ is defined by
ρPHC =
∑
k,l
λkλl|k〉|l′〉〈l|〈k′|.(18)
It is showed in [25, 26] that a pure state ρ = |ψ〉〈ψ|, |ψ〉 ∈ HA ⊗ HB, is separable if
and only if ρPHC = ρ. Consequently, ρPHC 6= ρ implies that ρ is entangled, and also that
‖ρψ − ρPHCψ ‖2 > 0 (here, ‖ · ‖2 denotes the Hilbert-Schmidt norm, i.e., ‖A‖2 = [Tr(A†A)]
1
2 ).
In what follows, we will show that the PHC criterion does provide us with an entanglement
measure.
Definition 3 Let |ψ〉 ∈ HA ⊗ HB with dimHA ⊗ HB ≤ +∞ be a pure state. The PHC
measure of a pure state |ψ〉 is defined by
EPHC(|ψ〉) := ‖ρψ − ρPHCψ ‖2.(19)
For mixed state ρ,
EPHC(ρ) := inf
{pi,|ψi〉}
{
∑
i
piEPHC(|ψi〉)},(20)
where the infimum is taken over all possible ensembles of ρ.
The main result of this section is the following.
Theorem 2 The PHC entanglement measure coincides with the concurrence, i.e., EPHC(ρ) =
C(ρ) for any state ρ acting on HA ⊗HB with dimHA ⊗HB ≤ +∞.
Proof By the generalized convex roof construction, we only need to show
EPHC(|ψ〉) = C(|ψ〉)(21)
for all pure states |ψ〉.
Let |ψ〉 = ∑
k
λk|k〉|k′〉 be the Schmidt decomposition of |ψ〉. Then ρPHC =
∑
k,l
λkλl|k〉|l′〉〈l|〈k′|.
Therefore
ρψ − ρPHCψ
=
∑
k,l
λkλl|k〉|k′〉〈l|〈l′| −
∑
i,j
λiλj|i〉|j′〉〈j|〈i′|
=
∑
k,l
λkλl|k〉〈l| ⊗ (|k′〉〈l′| − |l′〉〈k′|).
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Now,
(ρψ − ρPHCψ )(ρψ − ρPHCψ )†
=
∑
k,l,i
λkλ
2
l λi|k〉〈i| ⊗ (|k′〉〈i′|+ 〈k′|i′〉|l′〉〈l′|
−〈l′|i′〉|k′〉〈l′| − 〈k′|i′〉|i′〉〈i′|)
implies that
Tr((ρψ − ρPHCψ )(ρψ − ρPHCψ )†) = 2
∑
k 6=l
λ2kλ
2
l .
Therefore
EPHC(|ψ〉) = ‖ρψ − ρPHCψ ‖2 =
√
2
∑
k 6=l
λ2kλ
2
l = C(|ψ〉)
by Proposition 1, completing the proof. 
Thus, the PHC measure can also be regarded as a “well-defined” entanglement measure.
Although the PHC measure is the same to the concurrence, it shines some new light on the
nature of the concurrence.
4. Conclusion
Summarizing, the concepts of the concurrence and the tangle for infinite-dimensional bi-
partite quantum systems are introduced. These two functions are continuous under the trace
norm topology. This enables us to prove that the concurrence as well as the tangle are still
well-defined monotonic entanglement measures. The relationship between them are discussed
and an upper bound is proposed: C(ρ) ≤
√
τ(ρ) ≤
√
2[1− Tr(ρ2A)], where the equalities hold
whenever ρ is a pure state. Based on the partial Hermitian conjugate criterion, the PHC
measure is introduced. Moreover, this measure coincides with the concurrence and thus a
well defined entanglement measure, which answers a question suggested in [25, 26].
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